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ABSTRACT 
In this work, two dimensional vortex method is developed and used to simulate 
flows around a flapping wing. The method solves Navier-Stokes equation in 
term ofvorticity. The solving strategy is to split the equation into diffusion and 
convection terms, and solved them separately. The diffusion term is modelled 
by Particles Strength Exchange (PSE) which is the most accurate of diffusion 
modelling in vortex method. The convection term that represents transport 
of particles is calculated by time step integration of velocity. To exercise the 
capability of the method in handling complex flows, we carried out simulation 
of flow field around a flapping wing. The flapping cycle includes two strokes 
with rapid rotation near reversal stroke. The result demonstrates conformity of 
the simulation with experiment in revealing mechanism of force production due 
to wake capturing. The results also show spurious peaks of lift of simulation 
because of disappearance of vortex stretching. 
Keywords: Vortex Method, Particles Strength Exchange, Flapping Wing, Wake 
Capturing 
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Introduction 
Insects and birds have different mechanism than conventional airplane in 
producing aerodynamic lifting forces. They rely on kinematic of thewing 
motion, instead of the airfoil contour as in airplanes. The mechanism is so called 
'flapping wing' phenomenon. It is really interesting because some insects or 
birds demonstrate effectiveness in producing lift and thrust impressively by 
employing the mechanism. This fact has triggered some researchers to investigate 
the aerodynamic mechanism of flapping force generation, which may be useful 
for designing flying robots. 
Some numerical efforts have been conducted by some researchers to 
simulate flapping wing phenomena. They used various approaches to model 
the flow from the roughest approach based on potential flow like [1,2,3,4] to 
more complex flow models. The simple works were intended to investigate 
flapping force generated by invisicid flow. More advance modeling using 
Navier Stokes that have capability to capture viscosity effect have been carried 
out by [5,6,7]. 
An alternative method for simulating fluid flow based on Lagrangian 
approach named vortex method is expected to be the most suitable method for 
simulating flapping wing phenomena. It has some features that are advantageous 
for simulating flapping wing: mesh free simulation, inherently describing 
unsteadiness and fluid-viscosity dominated flow. The development of vortex 
method was pioneered by [8] who introduced solving strategy of vorticity 
equation in Lagrangian form by splitting diffusion-convection terms to be solved 
separately. The convection term which calculate evolution of particles position is 
obtained from velocity integration and the diffusion is approximated by random 
walk modelling. The random walk is roughest approximation of diffusion and 
then further contributions gave better kind of diffusion modelling. The major 
contributions can be mentioned here are core spreading [9] and particles strength 
exchange so called PSE introduced by [10]. The PSE is the most accurate 
approximation of diffusion but it suffers huge computational load. 
This paper reports the application of vortex method using PSE diffusion 
for simulating cases representing flapping wing phenomena. The method is 
mainly contributed by [11]. The detail algorithm follows [12,13] that compile 
previous works [10,11,14,15]. The method has been utilized for moving body 
problem by [16,17] . The simulated cases follow Dickinson's experiment [18] 
who studied rotation effect of flapping wing. The work revealed the details of 
wake capturing process due to rotation, which is an important aspect that is 
responsible for generating lift. Although the experiment was three dimensional 
case, it is expected that the two dimensional numerical simulation can reproduce 
the main features revealed in the experiment. 
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Vortex Method 
Governing Equation 
The governing equation of vortex equation derived from Navier-Stokes equation 
in term of vorticity. For three dimensional problem is written as: 
0t*§ 
—- + u • V<# = VS-a> + v¥2£> (1) 
dt 
where tl(x,t) is the velocity field, v is the kinematic viscosity, t is time, and 
u> — V x u is the vorticity. The Equation (1) can be interpreted physically as 
follows: the first term of the left hand side represents the unsteadiness of the 
flows. The second term of the left hand side represents the transport of vorticity 
in the flow due to velocity, that known as the convection term. In the right hand 
side, the first term represents the vortex stretching and the second is viscous 
diffusion. For two dimensional problem, vortex stretching is vanish so that the 
two dimensional governing equation is written as: 
deli _ 
• ~ + f i - V w = W 2 « (2) 
ot 
To solve numerically using standard finite difference method, the uniform 
grid is needed in computational domain. In vortex method, the diffusion term 
should be modeled with appropriate term to avoid the grid requirement. 
Particles Blob Discretization 
The vorticity equation (1) is solved in Lagrangian manner by discretizing 
flow field to be tracked by moving particles. The particles carry vorticity and 
convect with the local flow velocity. In the initial step of computation, the 
particles are arranged around geometry with the initial value of vorticity. The 
numerical computation of vortex method is to calculate the evolution of their 
vorticity and position as a function of time. The results of computation are 
vorticity and position of particles in time depended. During the computation, 
the vorticity field is represented by scalar value (for two dimensional) particles 
strength: 
N 
*>Gr, t)=Yi f «C* - **> T(x) (3) 
1=1 
Where Tj is strength of particles and x is vector of position with i is index of 
particles. A distribution function f i describes distribution of vorticity in the blobs. 
Note that vorticity and strength of particles in two dimensional problem can be 
written as scalar instead of vector. Some distribution function have been introduced 
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to define the distribution [2,4] and we choose Gaussian distribution for robustness. 
Using the Gaussian, the distribution function can be defined as follow: 
*l«»£^(-f(")) (4) 
With cf represents the smoothing parameter. The strength of particles 
can be considered as accumulated vorticity of particles 'blob' in the core. If the 
particles have an area A., mathematically, the particles strength can be related 
to the vorticity as r$ = c&jAj. 
Method of Solution 
Following the splitting scheme, the convection term of Equation (1) can be 
excluded and the rest is viscous problem that computes vorticity as a function 
of time. The convection term computes transport of particles by time step 
integration of velocity. The velocity is computed using Biot-Savart relation: 
«C*i. t) = - Y ,_ "' / fe - *,) x s,r, (5) 
Where q for Gaussian distribution is defined as follow: 
f ^ ) « s ( i — p ( - y ) ) (6) 
The term inside integral is integrated over all particles in the computational 
domain. The Biot-Savart relation written above is N-body problem that involves 
0(N2) evaluations. The calculation that involves 0(N2) evaluations is called 
'direct computation'. It makes this method not practical because of large time 
consuming and high memory requirement. To accelerate the computation, the 
Fast Multiple Method (FMM) was employed. FMM is conducting velocity 
evaluation by grouping particles based on their position and the evaluation of 
inter-particles is bounded by the groups. In this approach, long distance inter-
particles relation is approached by inter-groups relation so that it reduces amount 
of computation load. The detail method of FMM which was followed in this 
work can be found in [15]. 
To solve the diffusion term, particles strength exchange (PSE) introduced 
by Degond & Mas Gallic [3] was used to obtain the most accurate model. 
Using PSE, the Laplacian operator of the diffusion term is approximated by an 
integral operator: 
4 
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V2«Cx) * - j J i|Gr - xO(*»GrO - *>(*)) <£? 
With fj for Gaussian distribution is defined as: 
(7) 
(8) 
The Equation (7) is discretized over particles and the calculation of time 
derivative of particles strength becomes: 
dTi 2 v r « , \ s x 
3r = ^ X Uiii-ViKte-*/) (9) 
Index i and j mean evaluated and influencing particles and index ij means 
average value of i and j associated to the property. 
Predictor-corrector scheme is used to conduct time integration. For each 
iteration, the integration is divided into two step predictor and corrector. 
• Predictor step: the further predicted position and strength of particles are 
obtained by integration of velocity using explicit Euler scheme: 
xm+V2^xm^um(xmJm)M (10) 
i;*vi = t+3B<*«'0* (ID 
• Corrector step: velocity of particles is recalculated using new particles 
strength and taking average of velocity between predictor and corrector 
value and integrating the averaged velocity using explicit Euler 
scheme: 
*»+! = *» + 1 H — & (12) 
The result is vorticity field described by particles strength and position. 
The existence of vorticity field induces velocity slip on the body surface. This 
fact inspires concept of vorticity production [14] because of boundary condition 
enforcement. Physically, the velocity slip on surface must be vanish. The 
existence of induced velocity slip must be compensated by vorticity production of 
surface. Mechanism of the vorticity production is accommodated by introducing 
surface panels that produce vortex sheets y (panels) and then vortex sheets are 
diffused into neighbourhood particles as illustrated in Figure 1. 
5 
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O 
counter 
' ""•* velocity 
(a) (b) slip (c) 
Figure 1: Schematic illustration of vorticiy mechanism on surface: (a) 
vorticity distribution of flow field represented by single point vorticity 
co induces velocity slip on a surface panel, (b) vortex sheet of a panel is 
produced to generate counter velocity slip in order that velocity slip is 
vanish, (c) produced vortex sheet on panel is diffused into 
surrounding particles. 
The vortex sheet can be produced by inviscid solution of geometry panels 
governed by boundary integral equation as follow: 
rix) 
+ ~J r ( * 0 n • Vlog\x - x'ldx' = [(u,^ - u„) - s ] (13) 
The above equation describes that vortex sheet produced on certain panel 
represented by evaluated point y(i) is induced by vortex sheet remaining panels 
y(if) to enforce specified velocity on x to be (usli - u^.s, where usli is velocity, 
ub is surface velocity and s is parallel vector of surface. The integral equation 
is solved numerically using acommon boundary element method to obtain Ay 
for each panel. The vortex sheet then needs to be diffused into particles. The 
appropriate vortex sheet diffusion scheme is given by [12] as follows: 
dt 
ViiS 
( * . - * ) b -
V4XMF 
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d = 
Mil) 
\Xi~ 2 ~ it) 
c = = - — (14) 
y/Avt 
>/4ut 
where b is length of panel. Thus, the above equation is integrated numerically 
using explicit Euler scheme to obtain new particles strength contributed by 
body surface: 
rf+t = ri+M—\ Or*+1,r) (15) 
at Surface 
The last value of particles strength above is the final value of current 
time step and initial value for further time step 
In certain step, because of the convection, particles arrangement in 
the flow field became irregular. In this situation, the density of particles is no 
longer uniform and vorticity distribution is no longer continuous. Unfortunately, 
the solution of PSE needs particles to be near regular arrangement to give 
appropriate accuracy. To accommodate this requirement, the particles will be 
relocated in regular arrangement in certain iteration. This step sometimes is 
called re-meshing. The detail technique of re-meshing employed here can be 
seen also in [4]. The re-meshing has N order of computation so that it increases 
inefficiency in computation time. 
For moving body problem, the effect of surface velocity is included in 
boundary integral equation (13) determined by u .^ If surface velocity is specified 
as function of time, surface coordinates for next time step can be determined: 
x*+l = x* + Mi% (16) 
With x£+ 1 is body surface coordinate at n+1 time step. As summary, the 
calculation steps for each time step are given as follow: 
• Define initial particles arranged around body specified by positions and 
strength 
• Calculate initial vorticity production by solving Equation (13)-(15) 
7 
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• Calculate particles velocity and increment of particles strength using (5) 
and (9) 
• Conduct time integration using (10)-( 12) 
• Calculate surface coordinates for next iteration using (16) 
• Calculate vorticity production for next iteration using (13)-( 15) 
The steps are executed iteratively until specified final iteration determining 
simulation time has been achieved. 
Before computational code is executed, some parameters are necessary to 
be defined: interval time of each iteration At, smoothing parameter a and interval 
space between particles h. Using Gaussian distribution, smoothing parameter can 
be related to interval space h as a = h. PSE requires stability constraint as: 
with 
cp = 0.595 for Euler explicit scheme 
cp = 0.295 for for the Adams-Bashforth 2scheme 
Using predictor-corrector scheme, we use the lowest value of cp = 0.295. 
Force Calculation 
Since vorticity distribution has been calculated, it is necessary to obtain fluid 
force for bounded flow. In vortex method, there are methods to calculate fluid 
force from known vorticity distribution [19], we choose the simplest one but 
robust enough called Impulse method given by formula: 
r-~-J ******* (18) 
with p = fluid density 
where e is normal vector of evaluation plane and dV is infinitesimal volume 
of particles. The integral term can be written in terms of summation over all 
particles strength as follow: 
F =
- * dt °9 ) 
Calculation of differential operator above can be conducted using 
common numerical method such as central difference or backward difference. 
Simulation of Flow around a Flapping Wing Using 2D Vortex Method 
Simulations 
Scenario of Simulations 
The scenario of this numerical simulations follow Dickinson experiment [19]. 
He investigated force generation due to rapid rotation in flapping wing. As 
a result, he proposed a hypothesis to explain lift enhancement due to wake 
capturing. The hypothesis has not been confirmed by adequate flow visualization. 
However he investigated force behavior from amount of simulation modes. 
The simulateed modes contain two part: down-stroke and upstroke. They refer 
to stroke direction of insect wing during flight. Each part is combination of 
translation and rotation. 
Two modes of motion are followed in these numerical simulations. They 
have the same velocity profile and distinguished by angular velocity profile. The 
velocity profile is depicted in Figure 2. The negative velocity refers to direction 
moving from left to right as illustrated in Figure 4 and positive is the opposite. 
The differences of angular velocity between first mode (mode 1) and second 
mode (mode 2) are location of rapid rotation and magnitude of peak rotation. 
In the mode 1, rapid rotation occurs at the end of each stroke while in mode 2 
it occurs at the beginning of the strokes. Mode 1 has larger magnitude of peak 
of rotation than mode 2. The starting angle of attack of mode 1 is 40 degrees 
and mode 2 is 130 degrees. 
Figure 2: Velocity profile for the both modes (mode 1 and mode 2) as a 
function of normalized time (T) with respect to period . 0 < T < 0.5 
is down stroke and 0.5 > T < 1.0 is upstroke 
9 
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Figure 3: Angular velocity profile for mode 1 (blue) and mode 2 (red) as a 
function of normalized time (T) with respect to period. 0 < T < 0.5 is down 
stroke and 0.5 > T < 1.0 is upstroke. The both modes are distinguished 
by location of reversal stroke (shown by peak angular velocity) and peak 
magnitude of angular velocity 
The illustration of the motions are depicted as follow: 
#' - down stroke 
^7\\\\\\x\\^\ 
/^/X////////!\\\\\ 
up stroke • 
Figure 4: Illustration of motion of mode 1. Down stroke is moving from 
left to right (top) and upstroke is the opposite following the down stroke 
(bottom). The starting angle of attack is 40 degrees 
10 
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down stroke 
\\\\XX\NN\M / / / 
\\\ I If////////// 
up stroke 
Figure 5: Illustration of motion of mode 1. Down stroke is moving from 
left to right (top) and upstroke is the opposite following the down stroke 
(bottom). The starting angle of attack is 130 degrees 
In the experiment, [18] used wing model that the platform is similar 
to insect wing with span of 25 cm, area of 0.0167 m2 (Aspect Ratio = 3.7) 
and thickness of 3.2 mm. The fluid medium was mineral oil with kinematics 
viscosity of 115 cSt and density of 0.88 x 10~3. For detail measurement report, 
we suggest to refer to [18]. For numerical simulation, we follow such fluid 
parameters. Because of two dimensional consideration, we use flat plate as two 
dimensional wing model with assumed chord length of 6.68 cm (obtained from 
the wing area divided by its span) and thickness of similar to the experiment 
model. The chosen numerical parameter is AT of 0.004. 
Results and Discussion 
The numerical computation is performed for one period of the both modes 
simulation. The simulations produce data of particles strength as function of 
iteration step associated to quantity of time. From the data, we can obtain vorticity 
distribution using and fluid force using. 
To discuss comparison of fluid forces between the experiment and recent 
calculation, the fluid forces are plotted in term of coefficient of lift and drag (CL 
and CD). The coefficients are defined as follow: 
Experiment (3D case) 
2 lift 
C
*
 =
 pF» A ( 2 0 ) 
C—gZL- (21) 
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Where V , is peak velocity and A is wing area 
Deak r J wins ° 
Numerical calculation (2D case) 
C, = 
C» = 
2I4ft 
2 Drag 
pVUtC 
(22) 
(23) 
where c is flat plate chord 
The drag is considered as force opposite to flat plate moving direction 
and lift is perpendicular to the direction. In insect flight, C^and CL act as lift and 
propulsive force, respectively. The results of CD and (^calculation are depicted 
in Figure 6 for mode 1 and Figure 7 for mode 2, where they are being compared 
with results from Dickinson 'sexperiment. For each plot, the down stroke occurs 
at 0 < T <0.5 and upstroke occurs at 5 < T < 1.0. 
Plots in Figures 6 and 7 show close agreement of the simulation results 
with experiment, except for the CL of vortex method simulations contain more 
peaks than experiment. Peaks of lift and drag during rapid rotation can be 
appropriately captured as in Dickinson's experiment. On CD plots (left of Figure 
6 and 7), drag peaks are identified during rapid rotation. They occur at 0.3 < 
T < 0.5, 0.8 < T < 1.0 for down stroke and upstroke of mode 1, respectively. 
While for mode 2, they occur at 0.0 < T < 0.2, 0.5 < T < 0.7 for down stroke 
and upstroke, respectively. 
From the results it is clear that the peaks timing depend on time of the 
rapid rotation. Therefore, the peaks are suspected to be directly related to the 
rapid rotation. As shown on the CD plot, position and magnitude of peaks can 
be accurately predicted by thevortex method. However, on CL plots, it seems 
k 
*~j\ 
up*rofc» 
1 
— Vortex Method \ 
— Dickinson (1999) I 
K* 
u 
" 
m 
* 
** 
*-— L —* 
II b fX 
m m w 14 / i l<u / «* m m 
>^f \/ 
| — Vortex Method 
| —Dickinson (1999) 
* f 
Figure 6: Comparisons of CD (left) and CL (right) between vortex method 
(blue) and Dickinson experiment(red) for mode 1. The coefficient of forces 
are plotted as function of normalized time respect to stroke period (T) 
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Figure 7: Comparisons of CD (left) and CL (right) between vortex mei 
(blue) and Dickinson experiment (red) for mode 2. The coefficient of forces 
are plotted as function of normalized time respect to stroke period (T) 
that there are additional peaks exist in vortex method simulation results that do 
not exist in experiment. The additional peaks will be discussed in the further 
part of this section. 
There are several peaks shown in CL plots (Figure 6 and 7). The lift peaks 
which correspond to the rapid rotation are marked by A and B on the CL plots. 
Vortex method shows good accuracy in capturing peaks of A and B. According 
to the Dickinson explanation [18], the peaks of A and B are produced by wake 
capturing. This phenomenon causes the lift to immediately increase following 
the rapid rotation, if leading vortex from previous stroke is able to be captured 
by rotation. The increase in lift then produces top peaks of the lift. On the other 
hand, if no leading edge vortex is captured by rotation, lift will be triggered to 
decrease immediately. 
Vorticiy distributions during rapid rotation shown in Figure 8 and 9 (for 
the down stoke and upstroke of mode 1, respectively) reveal the relation between 
wake capturing and lift behaviour as explained by Dickinson. For down stroke 
(Figure 8) case,the inability of rotation to capture leading vortex (blue) leads 
to the decrease in lift and produces the bottom peak of lift (marked by A, right 
graph, Figure 6). Whereas as shown in Figure 9, the rotation during upstroke 
is able to capture leading edge vortex (red) effectively and, therefore, produces 
top peak of thelift (marked by B right graph, Figure 6). 
Simulation of mode 2 shows further evidence about relation between 
wake capturing and the behaviour of lift. As shown on Figures 10 and 11, 
rotation during upstroke and down stroke captures no leading vortex because 
the both rotations occur at the beginning of stroke. As predicted, bottom peaks 
are produced following the rotation (marked by A and B, right graph, Figure 7). 
Above discussion shows good agreement between the vortex method simulation 
results and Dickinson's experimental results in revealing the wake capturing 
phenomenon. 
13 
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Z 
z 
(a)T = 0.3 (b)T = 0.35 
/ 
(c) T = 0.4 (d) T = 0.45 
Figure 8: Vorticiy distribution around flat plate of mode 1 at various T during 
the rapid rotation of down stroke. Blue colour indicates clockwise vorticity 
and the red is counter clockwise. Colour intensity shows magnitude of 
vorticity. The flat plate is rotating in clockwise direction and moving 
from right to left 
(a)T = 0.8 (b)T = 0.85 
J •J 
(c)T = 0.9 (d)T=1.0 
Figure 9: Vorticiy distribution around flat plate of mode 1 at various T during 
rapid rotation of up stroke. Blue colour indicates clockwise vorticity and the 
red is counter clockwise. Colour intensity shows magnitude of Vorticity. 
The flat plate is rotating in counter clockwise direction and moving 
from left to right 
14 
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r c ^ 
(a)T = 0.05 (b)T = 0.1 (c)T = 0.15 
Figure 10: Vorticiy distribution around flat plate of mode 2 at various T of 
down stroke around phase of the rotation. Blue colour indicates clockwise 
vorticity and the red is counter clockwise. Colour intensity shows magnitude 
of vorticity. The flat plate is rotating in counter clockwise direction and 
moving from right to left 
A J 
(a)T = 0.55 (b)T = 0.6 
7 
(c)T = 0.65 (d)T = 0.7 
Figure 11: Vorticiy distribution around flat plate of mode 2 resulted from 
vortex method at various T of down stroke around phase of the rotation. Blue 
colour indicates clockwise vorticity and the red is counter clockwise. Colour 
intensity shows magnitude of vorticity. The flat plate is rotating in 
clockwise direction and moving from left to right 
As noticed before, CL calculated from vortex method simulation contains 
additional peaks (as marked by a and b in Figure 6 and 7). By observing the 
vorticity plots, it is clear that these peaks do not to correspond to the rotation. 
To investigate the additional peaks, we plot vorticity distribution when the peaks 
are occurring for mode 1 in Figure 12. Vorticity plots in the Figure 17 indicate 
that the additional peaks occur when theremaining wake from previous stroke 
(marked by dashed circle) is crossing with the flat plate as shown by (a) and 
15 
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(c). As the wake travels downstream (b and d), lift is immediately decreased. 
This fact provides a clue of why the spurious additional peaks do not appear in 
experiment. In the real experiment, it is suspected that the flat plate never cross 
with remaining wake from previous stroke. No occurrence of crossing between 
the flat plate and the wake in experiment is possibly due to vortex stretching. 
As discussed in the section of governing equation, the vorticity equation used 
in simulation basically contains vortex stretching term, which disappears in 
two dimensional simulation. Whereas the real experiment involves vortex 
stretching because it is three dimension. It is suspected that vortex stretching 
in experiment makes wake in the previous stroke to disappear earlier than in 
the two dimensional simulation. Therefore, crossing between flat plate and 
the previous wake does not occur in the experiment. The explanation shows 
that vortex method is basically good enough for predicting properties of flows 
around a flapping wing. However, it is necessary to be noticed that the 2D vortex 
method simulation may produce additional spurious interaction between flat 
plate and wake from previous stroke, which prompt the appearance of spurious 
peaks. Therefore, it is necessary to perform a three dimensional simulations to 
accurately capture the physics of such flows. 
(a) T = 0.55 (b) T = 0.6 
(c)T = 0.7 (d)T = 0.78 
Figure 12: Vorticiy distribution around flat plate of mode lat various T of 
upstroke when occur lift peaks (a and c) and thereafter (b and d). Blue 
colour indicates clockwise vorticity and the red is counter clockwise. 
Color intensity shows magnitude of vorticity. The remaining wake 
from previous stroke is marked by dashed circle 
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Conclusion 
In this work, two dimensional vortex method is developed and used to simulate 
flows around a flapping wing. In general, the two dimensional simulations using 
vortex method are in good agreement with Dickinson's experiment, although the 
experiment was actually three dimensional. The developed vortex method has 
been shown to be able to reproduce the details flow field during the complex 
phase of rapid rotation. The CDand CL peaks due to rapid rotation are accurately 
predicted, in both magnitude and time of occurrences. In addition, the current 
simulation results provide evidence to the hypothesis proposed by Dickinson 
about the lift peaks generation due to wake capturing. Finally, the emergence 
of spurious peaks of lift, due to the disappearance of the vortex stretching 
terms in the two dimensional model, reveals the necessity of performing three 
dimensional simulation for investigating the details physics of flows around 
flapping wings. 
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